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Abstract 

This paper is devoted to compute the energy-momentum densities 
for two exact solutions of the Einstein field equations by using the pre- 
scriptions of Einstein, Landau-Lifshitz, Papapetrou and Moller. The 
spacetimes under consideration are the Weyl-Lewis-Papapetrou and 
the Levi-Civita metrics. The Weyl metric becomes the special case of 
the Weyl-Lewis-Papapetrou solution. The Levi-Civita metric provides 
constant momentum in each prescription with different energy density. 
The Weyl-Lewis-Papapetrou metric yields all the quantities different 
in each prescription. These differences support the well-defined pro- 
posal developed by Cooperstock and from the energy-momentum ten- 
sor itself. 

Keyword: Energy-Momentum Distribution 

1 Introduction 

The relativistic analogues of the classical principle of the conservation of 
energy and momentum can be obtained with the help of the well-known 
equation [1] 

^(^>a + ia) = 0, (a, 6 = 0,1, 2, 3), 
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where is a tensor density of material energy and momentum and is the 
pseudo-tensor density of gravitational energy and momentum. The definition 
of localized energy density is a longstanding problem [2] in General Relativity 
(GR). On the basis of the principle of equivalence, it is usually assumed that 
the gravitational energy cannot be localized. The principle of equivalence is 
frequently invoked to ensure that the gravitational field can be made vanish in 
a sufficiently small region of the spacctimc. Misner at el. [3] showed that the 
energy can only be localized in spherical systems. But later on, Cooperstock 
and Sarracino [4] proved that if energy is localizable for spherical systems, 
then it can be localized in any system. Much attention has been devoted for 
this problematic issue. 

An energy-momentum complex is the sum of the energy-momentum of 
matter and an appropriate pseudo-tensor. Einstein showed that the energy- 
momentum pseudo-complex provides satisfactory expression for the total en- 
ergy and momentum of a closed system in the form of three dimensional 
integral. There are some drawbacks of the Einstein energy-momentum com- 
plex. One of these drawbacks is that it is not symmetric in its indices. How- 
ever, Landau-Lifshitz energy-momentum complex satisfies this requirement. 
In order to determine the conserved total four-momentum for gravitation 
with matter, Landau-Lifshitz introduced a system of coordinates at some 
particular point in spacetime for which all the first derivatives of the metric 
tensor vanish. Papapetrou energy-momentum complex is the least known 
among the four definitions under discussion and as a result, it has been re- 
discovered several times. Although the Einstein energy-momentum complex 
provides useful expression for the total energy-momentum of a closed system. 
However, from the GR viewpoint, MoUer argued that it is unsatisfactory to 
transform a system into quasi-Cartesian coordinates. Mollcr tried to find 
out an expression of energy-momentum which is independent of the choice 
of particular coordinate system. 

Einstein was the first to construct a locally conserved energy-momentum 
complex [5]. After this attempt, many physicists including Tolman [6], 
Landau-Lifshitz [7], Papapetrou [8], Bergmann [9] and Weinberg [10] intro- 
duced different definitions for the energy-momentum complex. These def- 
initions can only give meaningful results if the calculations are performed 
in Cartesian coordinates. In 1990, Bondi [11] argued that a non-localizable 
form of energy is not allowed in GR. After this, the idea of quasi-local energy 
was introduced by Penrose and other researchers [12-14]. In this method, 
one can use any coordinate system while finding the quasi-local masses to 
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obtain the energy-momentum of a curved spacetime. Bergqvist [15] consid- 
ered seven different definitions of quasi-local mass and showed that no two 
of these definitions give the same result. Chang at el. [16] showed that 
every energy-momentum complex can be associated with a particular Hamil- 
tonian boundary term and hence the energy-momentum complexes may also 
be considered as quasi-local. 

Moller [17,18] proposed an expression which is the best to make calcula- 
tions in any coordinate system. He claimed that his expression would give 
the same results for the total energy and momentum as the Einstein's energy- 
momentum complex for a closed system. Lessner [19] gave his opinion that 
MoUer's definition is a powerful concept of energy and momentum in GR. 
However, Moller's prescription was also criticized by some people [11,20,21]. 
Komar's complex [21], though not restricted to the use of Cartesian coordi- 
nates, is not applicable to non-static spacetimes. Thus each of these energy- 
momentum complex has its own drawbacks. As a result, these ideas of the 
energy-momentum complexes could not lead to some unique definition of 
energy in GR. 

Virbhadra [22] generated interest on this topic by using different pre- 
scriptions to calculate energy-momentum of a spacetime. He found that 
different prescriptions could lead to the same result if appropriate coordi- 
nates are used. Aguirregabiria et al. [23] showed that five different energy- 
momentum complexes gave the same result for any Kerr-Schild class (includ- 
ing the Schwarzchild, Reissner-Nordstrom, Kerr and Vaidya metrics). Xulu 
[24,25] extended this investigation and found same energy distribution in the 
Melvin magnetic and Bianchi type I universe. Chamorro and Virbhadra [26] 
and Xulu [27] studied the energy distribution of charged black holes with a 
dilaton field. 

It was hoped [25] that some particular properties might give a basis to 
believe that some pseudo-tensors of energy-momentum density had a spe- 
cial meaning. However, there exists examples of spacetimes which do not 
support this viewpoint. In this regard, Sharif [28,29] considered the class 
of gravitational waves and Godel universe and used the four definitions of 
energy-momentum. He concluded that results obtained are not consistent 
in different prescriptions. Recently, Sharif and Fatima [30,31] considered 
some more examples of Non-Null Einstein-Maxwell solution, singularity-free 
cosmological model and Weyl metrics and applied four different complexes. 
They found that the energy-momentum complexes do not provide the same 
results for any of these spacetimes. This paper continues the investigation 
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by considering two more examples. 

The paper is organized as follows. In section 2, we shall briefly mention 
different prescriptions to evaluate energy-momentum distribution. Sections 
3 and 4 are devoted for the evaluation of energy-momentum densities for 
the two particular spacetimes using the prescriptions of Einstein, Landau- 
Lifshitz, Papapetrou and MoUer. Finally, in the last section, we shall discuss 
and summarize all the results obtained. 



2 Energy-Momentum Complexes 

In this section, we shall elaborate four different approaches to evaluate the 
energy-momentum density components of different spacetimes. 



2.1 Einstein Energy- Momentum Complex 

The energy-momentum complex of Einstein [2] is given by 

^"^li^^"''^' K^- = 0'l'2,3), (1) 

where 

H': = ^[-^(/v^ - /vi],e. (2) 

It is to be noted that is anti-symmetric in indices b and c. 0q is the energy 
density, Oq {i = 1,2,3) are the components of momentum density and 
are the energy current density components. Einstein showed that the energy- 
momentum pseudo-complex provides satisfactory expression for the total 
energy and momentum of closed system in the form of 3-dimensional integral. 



2.2 Landau-Lifshitz Energy-Momentum Complex 

There were some drawbacks of Einstein energy-momentum complex. One 
main drawback was that it was not symmetric in its indices. As a result, this 
cannot be used to define conservation laws of angular momentum. However, 
Landau-Lifshitz energy-momentum complex is symmetric and they are able 
to develop a conserved angular momentum complex in addition to that of 
energy-momentum. The energy-momentum complex of Landau-Lifshitz [7] 
is given by 

T ab ^ nacbd Co\ 



4 



where 

^00 ];epresents the energy density of the whole system including gravitation 
and L"^ represent the components of the momentum density, i"''"^'^ has sym- 
metries of the Riemann curvature tensor. It is clear from Eq. (3) that L"'' is 
symmetric with respect to its indices. 



2.3 Papapetrou Energy-Momentum Complex 

Papapetrou energy-momentum complex is the least known among the four 
definitions under discussion, as a result, it has been re-discovered several 
times. The expression was found using the generalized Belinfante method. 
The symmetric energy-momentum complex of Papapetrou [8] is given as 

^ab ^ J_^abcd /gN 

167r ''"^ ' ^ ^ 

where 

^abcd ^ ^^gab^cd _ gac^bd ^ gCd^ab _ gbd^ac^ ^ (g) 

and 1]°'^ is the Minkowski spacetime. The quantities TV'^^'^'* are symmetric in 
its first two indices a and b. The locally conserved quantities contain 
contribution from the matter, non-gravitational and gravitational field. The 
quantity represents energy density and are the momentum density 
components. 



2.4 MoUer Energy-Momentum Complex 

Although the Einstein energy-momentum complex provides useful expression 
for the total energy-momentum of a closed system. However, from the GR 
viewpoint, Moller [17] argued that it is unsatisfactory to transform a system 
into quasi-Cartesian coordinates. Moller tried to find out an expression of 
energy-momentum which is independent of the choice of particular coordinate 
system. His energy-momentum complex is given by 



M'a = (7) 



1 

Stt' 

where 

= V^{9ad,e - gaeM'g''. (8) 
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Here is antisymmetric, Mq is the energy density, Mq are the momen- 
tum density components and M° arc the energy current density compo- 
nents. In the next two sections, we apply these prescriptions to evaluate 
energy-momentum distribution for two particular examples. 



3 Weyl-Lewis-Papapetrou Metric 

The class of stationary axisymmetric solutions of the Einstein field equations 
is the appropriate framework for the attempts to include the gravitational 
effect of an external source in an exact analytical manner [32]. At the same 
time, such spacetimes are of obvious astrophysical importance, as they de- 
scribe the exterior of the body in equilibrium. The complete family of ex- 
act solutions representing accelerating and rotating black holes with possible 
electromagnetic charges and a nut parameter is known in terms of a modified 
Plebanski-demianski metric. This demonstrates the singularity and horizon 
structure of the sources but not that the complete spacctime describes two 
causally separated black holes. To demonstrate this property, the metric was 
first cast in the Weyl-Lewis-Papapetrou form. The hne element of station- 
ary axisymmetric spacetime of the Weyl-Lewis-Papapetrou metric is given 
by [33] 

ds'' = e^^idt - ud(t>f - e^^^-^) {dp" + dz") - p^e-2^#^ (9) 

where uj is the angular velocity and 7, "0, uj are functions of p and z only. It 
is mentioned here this reduces to the Weyl metric for a; = 0. To get mean- 
ingful results in Einstein, Landau- Lifshitz and Papapetrou prescriptions, we 
transform this metric into Cartesian coordinates given by 

P P 

_ 2u;^^{ '''^y-y^'' )dt-e'^^-^Uz\ (10) 
P 

3.1 Energy-Momentum Densities in Einstein Complex 

The energy-momentum densities of the Weyl-Lewis-Papapetrou metric can 
be found by Einstein complex with the components of H^^ that can be com- 
puted by using Eq.(2). When we make use of these components in Eq.(l), we 
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obtain the following components of energy, momentum and energy current 
densities 

©0 = 8^ f^''^^^^ ~ ^ P^PP ^ ^ ^P^PP ~ P^^^ ^ ^^^^^ 

y 

- 2u;{2{^pp - 2^Ppp) + (7,, - 2V;..)} - 2a;{(7^ - 2^^)^:^ 

+ (7. - 2^)^)11)^} H — {^pi^p + t^zV'^) 

+ ^Kp + ^-) + ^(^'' + ^.)-^ + ^ 

WpC^T 2a;7pe2T 2a;e2T 2uj'^ujpe^^ 
+ I 5 5 , (12j 

^0 ^ 

IGvrp' 

- 2u;{2(7p^ - 2V'pp) + (7.. - 2ij,,)} - 2uj{{^p - 2V'p)V'p 

+ (7^ - 2V'.)V'2} H ^^(a;pV'p + ^^^2) 

a;2e^^, , 2cje^'^ , , 2n 2a;„ 2u; 

a;pe2T 2(^7^ 2a;e^^ 2^A^ 

p p r 
©0 = -YQ:^[i^PP + ^zz) + 4:{(^p'4^p + uJz'4^z)], (14) 

©0 = t'^^'^'' + ^^z) + 4(a;pVp + i^zi^z)] , (15) 

©3 = = 6^. (16) 

3.2 Energy-Momentum Densities in Landau-Lifshitz Com- 
plex 

The non-zero components of i"'^'^ can be found by using Eq.(4) and conse- 
quently the components of energy and momentum (energy current) densities 
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in Landau- Lifshitz prescription turn out to be 

- 2{(7,, - 2V;,,) + (7.. - 2^,,)}e^(^-2'^) - 4{(7, - 2i^,f 

7 

+ 4a;(a;,7p + a;272) + tx;^(7p, + 7^^) + 2a;^(7^ + 7^) 



2a;a;, 2c.^,^a^^^^ ^^^^ 



P P P 

L^o = = [(a;pp + tj^,)+4(a;p7, + a;,7,) 



+ 2u;(7,, + 7..)+M7^ + 7D-^-^], (18) 

+ 2c.(7pp + 7..) + 4a;(7j + 7.^) " ^ - (19) 
L=^o ^ L°^ = 0. (20) 

3.3 Energy-Momentum Densities in Papapetrou Com- 
plex 

Here the non-zero components of A^'^'"^'^ are obtained with the help of Eq.(6). 
When we make use of these values in Eq.(5), it yields the following compo- 
nents of energy and momentum (energy current) densities 

27 

= ^[(l-e-^^)7p + {20,-p(7pp-2^,, + 7,,-2^,,)}e-^^ 



Mil, - 2V'p)' + (7. - 2i^^f}e-'^ + + ojD 



P 

+ (7p + 7z ) + - y^PP + ^zz) + — [ipp + Izz) 

P P P 

+ i^plp + ^zlz) + — ^ ^ , 21 

p p'^ p^ 
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iDTrp 



+ 2c.(7p, + 7..)+4a;(7,^ + 7.^)-^-^], (22) 

+ 2o.(7pp + 7..)+M7p^ + 7D-^-^], (23) 
Q30 ^ ^03 = 0. (24) 

3.4 Energy-Momentum Densities in MoUer Complex 

This prescription does not require the transformation into Cartesian coordi- 
nates. The non-zero components of K^^ are found from Eq.(8). Consequently, 
the components of energy, momentum and energy current densities become 

1 e^"^ 
47r OTTp 

+ A{ujpi;p + u,i^,) + {ul + ul)-'^l (25) 

M° = - — [{uj^ + p'){ujpp + uj,,) 

+ 4(a;2 + p2) {upi^p + u;,Vz) + 2a;(a;^ + ul) 

+ 4a;p2(^^^ + ^^^) +4pa;a;^ + a;^- ^^], (26) 

= [c^ +a;,, + 4(a;^V'p + a;,^,)--^], (27) 
oup p 

M° = = Ml = Ml = Ml (28) 



4 The Levi-Civita Metric 

The Levi-Civita metric is given by [34] 

ds^ = p^'df - (^^2 ^ ^^2) _ ^2^2(1-2.) ^^2^ ^29) 

where tt is a parameter and s is a charge density parameter. The following 
interpretations are somewhat accepted for: 
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s = 0, |, this becomes locally flat spacetime, 

s = 0, a = 1, this reduces to Minkowski spacetime and 

s = 0, a 7^ 1, we have cosmic string. 

One of the most interesting metrics of the family of the Weyl solutions is 
called 7-metric, also known as Zipoy-Voorhes metric [35]. The Levi-Civita 
metric can be obtained from a family of the Weyl- metric, i.e., the 7-metric 

by taking the limit when the length of its Newtonian image source tends to 
infinity. The line element can be transformed into Cartesian coordinates and 
is given by 

P 

4.1 Energy- Momentum Densities in Einstein Complex 

Using the components of H'^'^, we obtain the components of energy-momentum 

e» = o = e' (32) 

which gives constant momentum. 

4.2 Energy- Momentum Densities in Landau-Lifshitz Com- 
plex 

The non-zero components of ^"'"^ lead to the following components of energy 
and momentum (energy current) densities in Landau-Lifshitz complex 

^ A[(2s-l)p8-^-a2^8s3-16s2 + 9s-l)]p8^'-«^-^ (33) 
2% 

= = L°\ (34) 
This also yields momentum constant. 
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4.3 Energy-Momentum Densities in Papapetrou Com- 
plex 

Here the components of energy and momentum (energy current) densities 
will become 

= ^^^[l-8«^(.-l)V^1, (35) 
Q^o = = Q°^ (36) 

which gives constant momentum. 

4.4 Energy-Momentum Densities in Moller Complex 

The energy-momentum densities turn out to be 

= (37) 

giving a constant energy-momentum. We note that all the prescriptions 
provide constant momentum for this metric. 

5 Summary and Discussion 

This paper continues the investigation of comparing various distributions pre- 
sented in the htcraturc. Wc have used four different prescriptions namely Ein- 
stein, Landau-Lifshitz, Papapetrou and Moller to calculate energy-momentum 
densities of two particular examples. These prescriptions turn out to be a 
powerful tool to evaluate energy-momentum for various physical systems. 
Although this work does not resolve the longstanding and crucial problem 
of the localization of energy in GR, but provides some information about it 
through such solutions. The following tables yield the non-zero components 
of the energy-momentum densities in each case. The notation EM has been 
used for Energy- Momentum. 
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Table 1(a) Weyl-Lewis-Papapetrou Metric: Einstein Complex 



EM Densities 


Expressions 


eg 


8^{7p(e^^ - 1) - P7pp + 2V'p + '^Pi^pp - Plzz 

-r^fnPzz^ 2p 1 2p 2p2 1 P J 


e? 


jgf^[(a;pp + uj^^) + 2u{-fpp + 7^^) + 2(a;p7p 
+^^7^) - 2a;{2(7pp - 2-0^^) + (7^^^ - 2^^^)} 
-2u;{{-fp - 2i,p)^p + (7^ - 2i},)^,} + 

+0..^.) + ^(c^pp + c..) + ^(c^ + u;l) 

p p2 p p p2 p3 J 


e° 


i6^p2 [(^pp + ^zz) + 2uj{-fpp + 7^^) + 2{ujp-fp 
+i^zlz) - 2a;{2(7pp - 2ippp) + (7^^ - 2ij^z) 
-2a;{(7p - 2^,)^, + (7, - 2^,)V^J + ^{cOp^jp 

+^z^z) + ^(a;pp + U^zz) + ^(^^ + 
2ujp . 2uj 1 t^pC^T 2Lj7pe2"' 2^6^^' 2(^)2 , 
p (? p p p2 p3 J 


ej 


W [(^''/^ + + 4(^P^P + ^z'^z)\ 


eg 





Table 1(b) Weyl-Lewis-Papapetrou Metric: Landau-Lifshitz Complex 



EM Densities 


Expressions 


^00 


^[4p(7, - ^,)e(^-'^) - 4p(7p - 2^,)e^(^-^^) 
-2{(7,, - 2Vpp) + (7.. - 2V^,,)}e2(7-2V) 
-4{(7, - 2^pf + (7. - 2^,)2}e(^-2^) + 
+ct;^^) + 2{Jl + + 4ct;(a;p7p + a;^7^) + 0^2(7^^ 
+7..) + 2u\^l + + ^ }] 




16V ^^^PP + '^^^^ + 4(a;p7p + a;^7^) 
+2a;(7pp + 7..) + 4c.(7p^ + 7.^) - ^ - ^] 


^20 ^ ^02 


^^[{ujpp + o;^^) + 4(a;p7p + uj,-^,) 
+2a;(7pp + 7..) + 4c.(7p^ + 7.^) - ^ - ^] 
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Table 1(c) Weyl-Lewis- Papapetrou Metric: Papapetrou Complex 



rL/JVl Densities 


li/xpressions 




g[(l - 6-4^^)7^ + {2^, - p(7pp - 2^,, 
+lzz - 2V^.)}e-''^ - 2p{(op - 2,Ppf 
+ (7. - 2^.)ne-^^ + + + ^(7^^ + 7D 

+ /K7p + ^.7.)+ % p2 /] 




leV \i^pp + ^^^) + 4(wp7p + ^^7^) 
+2c.(7pp + 7..) + 4c.(7,^ + ^l) - ^ - ^] 


^ Q02 


iXp2 [(^pp + ^zz) + 4(a;p7p + u;^7^) 
+2c.(7pp + izz) + 4c.(7,^ + ^l) - ^ - ^] 



Table 1(d) Weyl-Lewis-Papapetrou Metric: MoUer Complex 



EM Densities 


Expressions 


K 


^(^p + P^pp + + f5k(^PP + '^^^) 
+4(a;,Vp + + (^^ + u^l) - ^] 


MO 


+ P')(^PP + ^^^) + 4(0;' + p')KV'p 




g[a;pp + u^^ + 4(a;p'0p + ^zi^z) - ^] 



Table 2 Levi-Civita Metric 



Prescription 


Energy-Momentum Densities 


Einstein 


0^ = ^, eo = o = 0^ 


Landau-Lifshitz 


-2a2(i6> - 16s - l)p8-'-8--2] 

L'O = = I"' 


Papapetrou 


^00 ^£^[1_8^2(,_ 1)2^-8.] 

Q}^ = {) = QOi 


MoUer 
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Prom these tables, it is concluded that the energy-momentum densities turn 
out to be finite and well-defined in all the prescriptions for the spacetimes 
under consideration. In Weyl-Lewis-Papapetrou metric, the non-vanishing 
momentum densities turn out to be the same in Landau-Lifshitz and Papa- 
petrou complexes while the energy is different in each complex. It is worth 
mentioning here that for w = the results reduce to the case of the Weyl 
metric as found in the paper [31]. The energy for the Levi-Civita metric is 
different while momentum becomes constant in each prescription. It is worth 
mentioning that energy-momentum becomes constant for s = as expected 
for Minkowski spacetime. 

We would like to remark that the results of energy-momentum distri- 
bution for different spaceimes are not surprising. They support the fact 
that different energy-momentum complexes, which are pseudo-tensors, are 
not covariant objects. This is in accordance with the equivalence princi- 
ple [3] which implies that the gravitational field cannot be detected at a 
point. In GR, many energy-momentum expressions (reference frame depen- 
dent pseudo-tensors) have been proposed. There is no consensus as to which 
is the best. However, each expression has a geometrically and physically 
clear significance associated with the boundary conditions. The difference of 
results supports the well-defined proposal developed by Cooperstock [36] and 
verified by many authors [28-31,37]. It is mentioned here that the results of 
the Weyl-Lewis-Papapetrou metric found in teleparallel theory of gravity do 
not coincide with the results in GR [38]. 

Finally, we would like to mention that Virbhadra found [22] energy- 
momentum distribution of the Kerr-Newman metric by using Einstein, Landau- 
Lifshitz, Tolman and MoUer energy-momentum complexes. He concluded 
that the four prescriptions could give the same result for the Kerr-Newman 
spacetime if appropriate coordinates are used. As is well-known, Einstein, 
Landau-Lifshitz, Tolman's prescriptions can give meaningful results only if 
Gartesian coordinates are used but MoUer's prescription does not require any 
such condition. We have followed the same coordinate system to obtain the 
energy-momentum for the two spacetimes. One can recover the results only 
if coordinates can be defined such that the metric can be made compatible. 
This is not always possible. 
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